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Task Description T|.|T|

Transfer Function for causal system
T=D+CUI—-ZA)'ZB

Compute Factorization
T =T,V

Iy Causal, causally (left) invertible = Outer Factor
V' Causal, unitary = Inner Factor

- Inner-Outer Factorization




Inner-Outer Factorization

« Computational Task
Recursive Computation of Factorization

QR Factorization computed directly in State-Space
* Inner Factor
V'V =VV’' =1 Unitary, causal

 Quter Factor

I, Causal (lower triangular), invertible




Bases for Range of Transfer Matrix

« Compute Basis for Range and Kernel

r=tnoolln] el

col(T,) Basis for Range of T’
row (V1) Orthogonal basis for co-range of T

row(V>) Orthogonal basis for kernel of 1°




Prototype 4x4-Example m

Matrix given in terms of State-Space Realization

Dy
T — C1 By D,

C2A1 By C2 B, Dy
C3A2A1By C3A3B; (C3By Ds

Compute Factorization in State-Space

T=[T, 0}[“2]:%%




Prototype 4x4-Example

« Compute RQ Factorization of Part of

T =

Dy
C1 By
CQAlBO
('3 Ar A1 By

D
(9 By
C3A2DB4

Do
('3 Bo

« Compute RQ Factorization of Part of 1’

[Bo

Dy

-|

0 Y
0 0

BOO

Do ] Q1]

D3




Prototype 4x4-Example

o)

 |nsert Factorizatiorﬁ?esult

Ch

CyAq |

0 Yy B,

[0 0 DO()][Ql]

\ J

0 0 Dy

(0 Y1 By || D
0 Y1 By | C2 By
0 Yy By | | C342B;

| C3A24; |

Dy
Cs B>

Ds




Prototype 4x4-Example

I 10 0 Dy |
Cl i 0 Yl BOO Dl
i C3A2A1 ] 0 Yl BOO CgAQBl
« Expand Submatrices 1
0 0 Do
0 C1Y1 C1Boo D
0 02A1Y1 CQAlBO() CQBl
0 (342417 (C342A1B4

Dy
C3B> Da

Dy

CgAQBl CgBQ

Ds




Prototype 4x4-Example

o O O O

0 Do
C1Y: C1Boo
CoA1Yh C2A1 B0
C3A2A1Y7 C3AxA1By

\

Sort Columns

o O O O

Do 0
C1Boo C1Y1
C2A1 By CoA1Y;
C3A2A1B,0 C3A3A1Y)

Co By
CsAs By

Co B
CsAs By

Cs By

Cs By




Prototype 4x4-Example

o O O O

DOO
O].BOO
O2A].BOO
C3A42A1 B

o Extract Submatrix for Factorization

0
C1Y1 D+
OQA1Y1 CQBl D2
03A2A1Y1 C3A2B1 CgBQ D
C1Y; D4 0 0
CoA1Yq CoB4 D5
- C3A2A1Y7 C3A3B1 | O3By D3




Prototype 4x4-Example

i1 D4 0 0
CQA1Y1 CQBl DQ
i CgA2A1?1 03A2B1 CgBQ D3

« Compute RQ Factorization of Submatrix

A YT B 0 Yy By 0
Clyl D1 0 0 Dol :

* |nsert Factorization Result

0 0 D,
0 oY, CoBy1
| 0 C342Y> C342Bs




Prototype 4x4-Example

e Sort Columns

010 Do 0 0 0

0|0 C1Byo D1 0 0

0[O0 CaA1Boo CoBo1 C2Y5 Do
| 0| 0| C3A2A1B,9 C3A2B,1 |[C3A42Y2 C3B;

O o oo

« Compute RQ Factorization of Submatrix

[ A2Y2 B2 ]

0 Ys B,
CoYs Do

0 0 DO2]'Q3




Prototype 4x4-Example
* |nsert Factorization into

o O O O
o O O O

0 0

DOO O O O
ClBOO Dol O O
C2A1 By C2 By C2Ys Dy
C3A2A1Bsg C3A2B,1 ||C3A2Ys C3By
« ... and after reshuffling results in
0 Do 0 0 0
0 C1B,g D1 0 0
0| C2A1By C2Bo1 Do 0
0| C342A1Bs0 C3A2B41 | C3B,o | CsY3

0 0
0 0
0 0

@OOO

@OOO




Prototype 4x4-Example
« Extract Submatrix

o O O O

o O O O

o O O O

DOO
ClBOO
C12141300
C3A2A1By0

0
Dol
C12Bol
C3A2B1

0
0
D02
C3B02

« Compute Factorization of Submatrix

| C3Y3 D3 | =0 Dy |-Qq

CsYs3

GOOO




Prototype 4x4-Example

* Inserting factorization result into

DOO 0 0 0 0
C1Boo D 0 0 0
C2A1B oo C2Bo1 D2 0 0
C3A2A1Byy C3A2Bs1 C3Bo || C3Ys  Ds JI
* Produces the result (Outer Factor)
0 Do 0 0 0
0 C1Boo Doy 0 0
0| C2A1Bs C2Bo1 Do 0
0 03A2AlBoO C?)AZBol CBBOZ D03

0

0
0
0

o O O O

0

0
0
0

o O O O

0

0
0
0

o O O O




Finish of Prototype 4x4-Example m

e Quter Factor y | 5
_ B —1 _ 0
T,=D,+C(I—-ZA)""ZB, PR [ c ‘ 5 ]

(0]

« Pseudo-Inverse of Outer Factor
TH=Df-CDIYI—-ZAN)"'ZDFB, A=A-B,DfC
* Pseudo-Inverse of Matrix
TH=V'.TF"
 Inner Factor (product of orthogonal matrices)

V=01 Q2 Qs Qu




