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• Hankel Operator describes map from past input to future output
• We search for the state-space realization of T
• But … what is this Hankel Operator good for?

• Data in state vector x – stores relevant from the past

Hankel Operator

Nerode Equivalence
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• Splitting up the Hankel operator
• Input à Internal States 

• Internal States à Output

• Factoring Hankel Operator

Factoring the Hankel Operator

up yfZ

H

OC

Internal States

<latexit sha1_base64="mwj8gz+Zui9B1BIwSbDpVpEYc4o="></latexit>

O

Observability Reachability

<latexit sha1_base64="lz7h09j8MJNlX15HI0vP6nL+Wxg=">AAAC1HichVFLT8JAEB7qC/CFevTSSEw8kWIM6I34ihcTNPJIgJhtWaChr7QLCSIn49WbV/1d+ls8+O1aTIwhbLOd2W+++XZmxwwcOxKG8ZHQFhaXlleSqfTq2vrGZmZruxr5g9DiFct3/LBusog7tscrwhYOrwchZ67p8JrZP5Px2pCHke17d2IU8JbLup7dsS0mADWaLhM9iznj28l9JmvkDKNYyJ/o/508HLmyFK+yn/mkJrXJJ4sG5BInjwR8hxhF+BqUJ4MCYC0aAwvh2SrOaUJp5A7A4mAwoH38uzg1YtTDWWpGKtvCLQ52iEyd9rEvlaIJtryVw49gv7AfFNadecNYKcsKR7AmFFNK8Rq4oB4Y8zLdmDmtZX6m7EpQh45VNzbqCxQi+7R+dc4RCYH1VUSnC8XsQs NU5yFewIOtoAL5ylMFXXXchmXKcqXixYoMeiGsfH3UgzFPZ6nPdqqHuXwhV7g5ypZO44EnaZf26ABTLVKJrqiMOuRcXumN3rWq9qg9ac8/VC0R5+zQn6W9fAPtEJPF</latexit>

R

<latexit sha1_base64="j/khtvmuh7MP9Gla5TtilG4E78E="></latexit>

Hk = OkRk

<latexit sha1_base64="lz7h09j8MJNlX15HI0vP6nL+Wxg="></latexit>

R
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• Reachability Matrix

• Observability Matrix

Reachability/Observability

<latexit sha1_base64="l8pdXeTYNosbYRN7KzxQEb/7MQE="></latexit>

Ck =
⇥
Bk�1 Ak�1Bk�2 Ak�1Ak�2Bk�3 . . .

⇤

<latexit sha1_base64="Fxu45mqNh60u0u7y+tIu26+ew8U="></latexit>

Ok =

2

6664

Ck

Ck+1Ak

Ck+2Ak+1Ak
...

3

7775

<latexit sha1_base64="X8lRL2zFpAuih4S3E6mZgkZBHVQ="></latexit>Rk
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Hankel = Observability * Reachability =

Factoring the Hankel Operator

<latexit sha1_base64="1CSE1nEarifJnwWOk5GP0zcTYAw="></latexit>2

6664

CkBk�1 CkAk�1Bk�2 CkAk�1Ak�2Bk�3 . . .
Ck+1AkBk�1 Ck+1AkAk�1Bk�2 Ck+1AkAk�1Ak�2Bk�3 . . .

Ck+2Ak+1AkBk�1 Ck+2Ak+1AkAk�1Bk�2 Ck+2Ak+1AkAk�1Ak�2Bk�3 . . .
...

...
...

. . .

3

7775
=

<latexit sha1_base64="3tsR4e/tHlXdVl69nbfIr1mWLsU="></latexit>

=

2

6664

Ck

Ck+1Ak

Ck+2Ak+1Ak
...

3

7775
⇥
Bk�1 Ak�1Bk�2 Ak�1Ak�2Bk�3 . . .

⇤
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• Factorization is minimal

• Dimension of State Space – dynamic degree – number of latches

• E.g. use the Singular Value Decomposition

Minimal Realizations

<latexit sha1_base64="bDnfWFf78xdtDcRJEU3JAVjvygc="></latexit>

Hk
<latexit sha1_base64="TgnNemEBewmgdAaXnejDigEFoIE="></latexit>

Ok

<latexit sha1_base64="ZeGqboS6j4fRiIq2vOityCLbQ5c="></latexit>

Ck
<latexit sha1_base64="X9eZwnfe4SqbnTEupz80tt9kw3g="></latexit>=

<latexit sha1_base64="BC+OYzN6b6TMVy1Url7ywIJEcpY="></latexit>

dk
<latexit sha1_base64="BC+OYzN6b6TMVy1Url7ywIJEcpY="></latexit>

dk

<latexit sha1_base64="yTGWrWQLwUinuZkchTPRe7jkm+Q="></latexit>

dk = rank (Hk) <latexit sha1_base64="mSNscp9y/0p4hP+TPJJgAqajcYk="></latexit>

⌃k =

2

6666664

�1

. . .
�dk

0
. . .

3

7777775
<latexit sha1_base64="bajCq0kMnP2SNtKZUf+N6hI0l5Y="></latexit>

Hk = (Uk⌃k) · V
T
k

<latexit sha1_base64="j/khtvmuh7MP9Gla5TtilG4E78E="></latexit>

Hk = OkRk

<latexit sha1_base64="X8lRL2zFpAuih4S3E6mZgkZBHVQ="></latexit>Rk



7

• Reachability Matrix with has rows for all k
à system is fully reachable

• Observability Matrix with has columns
à system is fully observable

• Minimal realization is fully observable
and fully reachable

Reachability/Observability

<latexit sha1_base64="l8pdXeTYNosbYRN7KzxQEb/7MQE="></latexit>

Ck =
⇥
Bk�1 Ak�1Bk�2 Ak�1Ak�2Bk�3 . . .

⇤

<latexit sha1_base64="Fxu45mqNh60u0u7y+tIu26+ew8U="></latexit>

Ok =

2

6664

Ck

Ck+1Ak

Ck+2Ak+1Ak
...

3

7775

<latexit sha1_base64="TtNuV2sPCDKMIwUGra7PuePCSBQ="></latexit>

rank (Ok) = dk
<latexit sha1_base64="BC+OYzN6b6TMVy1Url7ywIJEcpY="></latexit>

dk

<latexit sha1_base64="+LPP3T5sW7R69Gk2za/zKtsybRQ="></latexit>

rank (Ck) = dk
<latexit sha1_base64="BC+OYzN6b6TMVy1Url7ywIJEcpY="></latexit>

dk

<latexit sha1_base64="X8lRL2zFpAuih4S3E6mZgkZBHVQ="></latexit>Rk

<latexit sha1_base64="X8lRL2zFpAuih4S3E6mZgkZBHVQ="></latexit>Rk
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• Partitioning the Hankel map à Factoring the Hankel Operator 
• Observability/Reachability Matrices

• Rank of Hankel Operator determines dimension of state space
(„Kronecker Theorem“ – Leopold Kronecker)

• Minimal Realization is fully reachable and fully observable

Summary


