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QR Decomposition 2

• For a square, full rank matrix

• Orthonormal matrix

• Upper triangular matrix

QR Decomposition
<latexit sha1_base64="b+am50KdMiDNrtw+STnSt+fECog="></latexit>

T = QR

<latexit sha1_base64="O0w3N32Tch2us8vd2HZpGhm5tLE="></latexit>

QTQ = QQT = 1
<latexit sha1_base64="WXjRw3VmHwZtTZb+pRq1+LWOzQ4="></latexit>
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• For “tall“ martrices with full column rank

QR Decomposition

<latexit sha1_base64="v3+3/wx62HCQr80WfVcs3KjEGoM="></latexit>
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<latexit sha1_base64="WXjRw3VmHwZtTZb+pRq1+LWOzQ4="></latexit>

R =

2

6666664

⇤ ⇤ ⇤ . . . ⇤
⇤ ⇤ . . . ⇤

. . .
...

. . .
...
⇤

3

7777775

<latexit sha1_base64="/mraMbdG20lfn/B7vxVefsC4w6k="></latexit>

T 2 Rm⇥n <latexit sha1_base64="EOf8Neuz7Z5b01Mwlqzd6PV+46c="></latexit>

m � n

<latexit sha1_base64="i4j2MAvkHixbmyO5267vRp1NvpI="></latexit>

R 2 Rn⇥n

<latexit sha1_base64="ilkTC1R9YwJQrPYI83KtwHscR4s="></latexit>

im(T ) = im(Q1)
<latexit sha1_base64="iGQUeuq4/irU4d1oTckYQuJdu+I="></latexit>

im(T )? = im(Q2)

Compute orthogonal 
Basis  for column space
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• Linear system of equations

• Different types of problems

• QR decomposition

Solving Least Squares with QR

<latexit sha1_base64="oC9CdyF8Xms1803NSXCghV/mgMA="></latexit>

Tu = y
<latexit sha1_base64="/mraMbdG20lfn/B7vxVefsC4w6k="></latexit>

T 2 Rm⇥n

<latexit sha1_base64="WwYDjjf8sF91DPh7hfRF5ud9ftY="></latexit>8
<

:

m > n overdetermined
n = m square
m < n underdetermined.
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• QR Decomposition

• Pre-multiply both sides with produces

• Solve for vector and determine error

Solving Least Squares with QR

<latexit sha1_base64="/P52xXbgyCuJZHVBj2ttukQO2+Y="></latexit>⇥
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<latexit sha1_base64="ReHM/QLdYQUmrVCvm+uC5EyAh5w="></latexit>
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<latexit sha1_base64="P8XhCN0qSB2lFq29CR9QYFce04Q="></latexit>

u = R�1�1

<latexit sha1_base64="Rd/hLWaDASajcFYJN7eITC9loVE="></latexit>

QT

<latexit sha1_base64="DbfNDuRJSKIob233WYtecxI79Jk="></latexit>u <latexit sha1_base64="J+by7rGhrb1Y3JVdCCofF3RL+qo="></latexit>e

<latexit sha1_base64="eAowpY41q/uIm376hhmhWidUv3c="></latexit>

[Q1, R] = qr(T, 0)

Matlab call

<latexit sha1_base64="zKhCmyAMgJMy1ykBJ2A3eAwFjm4="></latexit>
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QR Decomposition 6

• Linear system of equations

• Build Normal Equation

• Compute Cholesky Factor

• Plug in Cholesky Factor

• Solve for using two triangular systems

Solving Least Squares with Normal Equation
<latexit sha1_base64="oC9CdyF8Xms1803NSXCghV/mgMA="></latexit>

Tu = y
<latexit sha1_base64="/mraMbdG20lfn/B7vxVefsC4w6k="></latexit>

T 2 Rm⇥n

<latexit sha1_base64="BSP194ADFYwWJTk6ECqm4DKXwjI="></latexit>

TTTu = TT y

<latexit sha1_base64="pAvg2RNCutIZG8HUekLmdviGsyY="></latexit>

TTT = RTR

<latexit sha1_base64="P/R20vCJpLD3YqABFNFONoRwab0="></latexit>

RT (Ru)| {z }
x

= TT y|{z}
b

<latexit sha1_base64="DbfNDuRJSKIob233WYtecxI79Jk="></latexit>u
<latexit sha1_base64="fy9Yb0vEB8jvhijvFuzihuxIBaI="></latexit>

x = Ru
<latexit sha1_base64="sNtDNZQ9q0QVkKFuFJaBfxKBArY="></latexit>

RTx = b

Same     as in QRD
<latexit sha1_base64="/i8aCXF/aSqD6xU6bWc7ZB9SFNc="></latexit>

R
<latexit sha1_base64="WPzvDZ6QhsOw04XZQhN6P3bCeaQ="></latexit>

TTT = (RT QT )(Q| {z }
1

R) = RTR

<latexit sha1_base64="/i8aCXF/aSqD6xU6bWc7ZB9SFNc="></latexit>
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• Condition number of original problem

• Condition number of normal equation

Squaring the condition number
<latexit sha1_base64="47XUj9b45WeiB4aRM3zkqPqnM1w="></latexit>
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<latexit sha1_base64="BiHMGJLmVFZYODDY0LtKGAQGjPQ="></latexit>
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<latexit sha1_base64="YPqExQFXYCdOd1l5kMP6yWbJtfg="></latexit>
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• (Modified) Gram-Schmidt Orthogonalzation
Numerically not reliable, never used in practical applications

• Householder QR
Standard algorithm for computing QR, de-facto standard in all numerical packages

• Givens (Jacobi) QR
Algorithm of choice for dedicated hardware implementation and parallel computing

• Generalized Rotations
Competition for Householder for sitations where rotations are requird

Mostly unknown

Algorithms for Computing QR
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• QR provides alternative method to solve linear least squares problems

• QR does not square the condition number à more robust

• R from QR is identical to R from Cholesky factorization
(check with Matlab)

• QR decomposition approch can be adjusted to handle underdetermined
and rank deficient problems

• QR allows for straight forward updating mechanisms

QR Decomposition


