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Input/output map

from state equation

… extract state

… plug in output

Voilá … 
Transfer function

What does this mean?

Transfer Function LTV
<latexit sha1_base64="oE+lCOQAmUky/OiBbywl0EusIUc="></latexit>

y = T · u

<latexit sha1_base64="IFXyLB3XwrNZndhk882f+sorSTI="></latexit>

T = D + C [1� ZA]�1 ZB



3

Finite dimensional, causal matrix

Toy Example

T =

�

�����

T11 0 0 0 0
T21 T22 0 0 0
T31 T32 T33 0 0
T41 T42 T43 T44 0
T51 T52 T53 T54 T55

�

�����

<latexit sha1_base64="nq9jtmNy0yKkoxFXOYpw2X2gV4M="></latexit>

= D + C(1� ZA)�1ZB

<latexit sha1_base64="y3YaOjue/06+1M3OSZa5c1MD/Xg="></latexit>

A =

2

66664

·
A2

A3

A4

·

3

77775

<latexit sha1_base64="VUNXMwWcSELK53FX7UiAEugAMLg="></latexit>

B =

2

66664

B1

B2

B3

B4

·

3

77775

<latexit sha1_base64="uZiKQLaTaaMXnHd38WOwWg8pHOI="></latexit>

C =

2

66664

·
C2

C3

C4

C5

3

77775

<latexit sha1_base64="jDXii6NlODpe+zQJ6rJcADFnm7A="></latexit>

D =

2

66664

D1

D2

D3

D4

D5

3

77775
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Neumann Expansion

Block Diagonal 

Towards Transfer Function LTV

<latexit sha1_base64="3plVUcXb53/Gmbp2z/4dJAbD+CM="></latexit>

(1� ZA)�1 = 1 + ZA+ (ZA)2 + (ZA)3 + . . .
<latexit sha1_base64="8iXgxGLswQNCUGZoEgXl4M3aG7E="></latexit>

= 1 + ZA+ ZAZA+ ZAZAZA+ . . .

<latexit sha1_base64="RGYJkVEnbt5yWBKTQjHi/PNiB0M="></latexit>

A =

2

664

. . .

Ak

. . .

3

775

<latexit sha1_base64="5NeYBlWjsgMIwUVRwupNi605zXo="></latexit>

[1� ZA]�1 =

2

6666666666664

. . .

. . . 1

. . . A1 1

. . . A2A1 A2 1

. . . A3A2A1 A3A2 A3 1
...

...
...

. . .

3

7777777777775
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Components for Toy Example
<latexit sha1_base64="ruHYS1cxJPkSbx/pBXLoibebJAA="></latexit>

[1� ZA]�1

2

6666664

1
A1 1

A2A1 A2 1
A3A2A1 A3A2 A3 1

A4A3A2A1 A4A3A2 A4A3 A4 1
A5A4A3A2A1 A5A4A3A2 A5A4A3 A5A4 A5 1

3

7777775

<latexit sha1_base64="197jujZzWTmPqIU1TBKCQ/9unR8="></latexit>

ZB =

2

6666664

0
B1 0

B2 0
B3 0

B4 0
B5

3

7777775
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Putting Stuff Together … 
<latexit sha1_base64="UKAVpGa0mwhUW443oLqismPwX24="></latexit>2

6666664

1
A1 1

A2A1 A2 1
A3A2A1 A3A2 A3 1

A4A3A2A1 A4A3A2 A4A3 A4 1
A5A4A3A2A1 A5A4A3A2 A5A4A3 A5A4 A5 1

3

7777775

<latexit sha1_base64="JsofnVUyGO3PJcWUSXyiCfv5p3o="></latexit>2

6666664

0
B1 0

B2 0
B3 0

B4 0
B5

3

7777775

<latexit sha1_base64="GN7FsN6PXS5V/P5uZmMMHBZUsKI="></latexit>2

6666664

0
B1 0

A2B1 B2 0
A3A2B1 A3B2 B3 0

A4A3A2B1 A4A3B2 A4B3 B4 0
A5A4A3A2B1 A5A4A3B2 A5A4B3 A5B4 B5

3

7777775

<latexit sha1_base64="nq+W0gKNidoxUPcFa1Kh873Bz6E="></latexit>

=

2

6666664

0
C2B1 0

C3A2B1 C3B2 0
C4A3A2B1 C4A3B2 C4B3 0

C5A4A3A2B1 C5A4A3B2 C5A4B3 C5B4 0
C6A5A4A3A2B1 C6A5A4A3B2 C6A5A4B3 C6A5B4 C6B5 0

3

7777775

<latexit sha1_base64="wpNyvJEO7OgXnuMe0/vG7952KLk="></latexit>

=

2

6666664

C1

C2

C3

C4

C5

C6

3

7777775

<latexit sha1_base64="wpNyvJEO7OgXnuMe0/vG7952KLk="></latexit>

=

2

6666664

C1

C2

C3

C4

C5

C6

3

7777775
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Considering Empty Matrices

<latexit sha1_base64="iBpRyVfeP8o7jnwTTix6e/R/Pzo="></latexit>2

66664

0
C2B1 0

C3A2B1 C3B2 0
C4A3A2B1 C4A3B2 C4B3 0

C5A4A3A2B1 C5A4A3B2 C5A4B3 C5B4 0

3

77775

<latexit sha1_base64="AyPYCjNU9/joVzW+b/5oF6I+1ts="></latexit>

=

2

6666664

0
C2B1 0

C3A2B1 C3B2 0
C4A3A2B1 C4A3B2 C4B3 0

C5A4A3A2B1 C5A4A3B2 C5A4B3 C5B4 0
C6A5A4A3A2B1 C6A5A4A3B2 C6A5A4B3 C6A5B4 C6B5 0

3

7777775

<latexit sha1_base64="+R4TS8ifqQheErP2mT2HFYfrj60="></latexit>

C1 = [·], C6 = [·], A1 = [·] A5 = [·], B5 = [·]
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Transfer Matrix T 

Finally … 
<latexit sha1_base64="mcgteXCvRpq2i6SvqWP5TGJTF0U="></latexit>

T =

2

66664

0
C2B1 0

C3A2B1 C3B2 0
C4A3A2B1 C4A3B2 C4B3 0

C5A4A3A2B1 C5A4A3B2 C5A4B3 C5B4 0

3

77775
+

2

66664

D1

D2

D3

D4

D5

3

77775

<latexit sha1_base64="26b5g3nw+gvJHF2bhjT5R1ucUhE="></latexit>

T =

2

66664

D1

C2B1 D2

C3A2B1 C3B2 D3

C4A3A2B1 C4A3B2 C4B3 D4

C5A4A3A2B1 C5A4A3B2 C5A4B3 C5B4 D5

3

77775
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Finite dimensional, causal matrix

Summary Example

T =

�

�����

T11 0 0 0 0
T21 T22 0 0 0
T31 T32 T33 0 0
T41 T42 T43 T44 0
T51 T52 T53 T54 T55

�

�����

=

�

�����

D1 0 0 0 0
C2B1 D2 0 0 0

C3A2B1 C3B2 D3 0 0
C4A3A2B1 C4A3B2 C4B3 D4 0

C5A4A3A2B1 C5A4A3B2 C5A4B3 C5B4 D5

�

�����

<latexit sha1_base64="nq9jtmNy0yKkoxFXOYpw2X2gV4M="></latexit>

= D + C(1� ZA)�1ZB

<latexit sha1_base64="y3YaOjue/06+1M3OSZa5c1MD/Xg="></latexit>

A =

2

66664

·
A2

A3

A4

·

3

77775

<latexit sha1_base64="VUNXMwWcSELK53FX7UiAEugAMLg="></latexit>

B =

2

66664

B1

B2

B3

B4

·

3

77775

<latexit sha1_base64="uZiKQLaTaaMXnHd38WOwWg8pHOI="></latexit>

C =

2

66664

·
C2

C3

C4

C5

3

77775

<latexit sha1_base64="jDXii6NlODpe+zQJ6rJcADFnm7A="></latexit>

D =

2

66664

D1

D2

D3

D4

D5

3

77775
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Extend matrix multiplication
(Check with Matlab)

Empty Matrices
<latexit sha1_base64="y3YaOjue/06+1M3OSZa5c1MD/Xg="></latexit>

A =

2

66664

·
A2

A3

A4

·

3

77775

<latexit sha1_base64="12mgfyWr0hTf2Ytu80cyklRhO7A="></latexit>

A1 = [·], dimA1 = [0⇥ 0]

<latexit sha1_base64="x6YGBekgq4L+QjEmaCgoAb7Fakc="></latexit>

A5 = [·], dimA5 = [0⇥ 0]
<latexit sha1_base64="1eBizPCJ0W6QurP4O5gZnzQOIqo="></latexit>

# operation result
1 � ⇤ | ·
2 | ⇤ � [0]
3 · ⇤ � �
4 | ⇤ · |
5 · ⇤ | illegal
6 � ⇤ [a] �
7 [a] ⇤ | |

8
⇥
� �

⇤  |
|

�
·
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• Compact representation of matrix
• Representation builds on state-space parameters

in block diagonal form and Shift matrix
• Transfer Function is identical to impulse response matrix

Transfer Function

<latexit sha1_base64="rWrd9i1blu3BjxDfSWH3P6SyNhU="></latexit>

T
<latexit sha1_base64="rWrd9i1blu3BjxDfSWH3P6SyNhU="></latexit>

T

<latexit sha1_base64="RGaztsbLDepcvyeCQZSQWvb7UOE="></latexit>

(Ak, Bk, Ck, Dk)

<latexit sha1_base64="rWrd9i1blu3BjxDfSWH3P6SyNhU="></latexit>

T

<latexit sha1_base64="oe0By5KSb7azqBuzq0KUDSKWdLg="></latexit>

Z


