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Basic State-Space Equations

Block Notation

Time-Varying State-Space Equations
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Elementary Block – Signal Flow Graph 
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Causal System Model à Composition of Elementary Building Blocks

Time-Varying State-Space Model
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State-Space Model - Impulse Response

Z Z Z Z
A1 A2 A3

B0 B1 B2 B3

C1 C2 C3 C4D0 D1 D2 D3 D4

x1 x2 x3 x4

u0 u1 u2 u3 u4

y3y2y1y0 y4 = C4A3A2B1u1

Impulse
Input at time k=1

Output at time k=4
<latexit sha1_base64="Dw+B7/FBSBD948qzLpz6OS1uuuE="></latexit>

y4 = C4A3A2B1 · u1



6

Causal Impulse Response Matrix

Response at time k=4

Impuls at time k=1
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Causal Impulse Response Matrix LTV
Time-Variant System à no Toeplitz matrix anymore

Values change
along diagonals
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All are identical, i.e. we have for all k
à Impulse response is back to infinite dimensional Toeplitz matrix

Causal Impulse Response Matrix LTI

<latexit sha1_base64="wNMrFYHQfYOJmfeuqg2VIX3t3ak="></latexit>
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<latexit sha1_base64="ELuOqaEP/cn5ztFtgH6aF98XOZU="></latexit>

Ak, Bk, Ck, Dk
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<latexit sha1_base64="0P7xJhxqPY6ePb/EAHpKyg0zAr8="></latexit>
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<latexit sha1_base64="alOmCnVxKRc+OeQ9a59LwspsaJg="></latexit>...

<latexit sha1_base64="ffV0SmTxX/juXde7AS6gJoO3MbY="></latexit>

A,B,C,D



9

LTV Theory à covers finite dimensional matrices with/without Toeplitz
structure

à Matrix T is bordered by empty matrices
à What is the theory good for?

Finite Dimensional Matrices

<latexit sha1_base64="ZLkzhgcKYfBVzDKLRHztf1MDkFc="></latexit>
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Columns of matrix T contain the time-varying impulse response

Compute

Example: Lower Triangular Matrix

<latexit sha1_base64="Dmr2JjNpzPd+lwY5q77eatPhe+c="></latexit>

T · u = y

<latexit sha1_base64="0pILAC0havkE0SaUp6fdrC7lQ3Y="></latexit>
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<latexit sha1_base64="6NyE7nrIijOC5VmWvtGrAqG8acg="></latexit>
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<latexit sha1_base64="fktLyfmOwCGhprMkL/EC4Lta6po="></latexit>
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Direct State-Space Model for Matrix T

Z Z

Z

Z

Z

Z

y1

u1 u2

y2 y3 y4

u3 u4

1/24

1/12

1/4

1/3

1/2 1/6

x2

x3

x4

6 Multiplications
5 Additions
6 Latches

<latexit sha1_base64="0pILAC0havkE0SaUp6fdrC7lQ3Y="></latexit>

T =

2

664

1
1/2 1
1/6 1/3 1
1/24 1/12 1/4 1

3

775



12

Simplified State-Space Model for T

Z Z Z

y1

u1 u2

y2 y3 y4

u3 u4

1/31/2 x2 x3 x41/3
1/4

1/4

5 Multiplications
4 Additions
3 Latches

<latexit sha1_base64="0pILAC0havkE0SaUp6fdrC7lQ3Y="></latexit>

T =

2

664

1
1/2 1
1/6 1/3 1
1/24 1/12 1/4 1

3

775



13

• for our toy example

• … appear to be moderate … for a super simple example … 
• Much more impressive savings for large scale tasks

• à Any underlying structure – invisible to the eye? 

Computational Savings … 

5 Multiplications
4 Additions
3 Latches

6 Multiplications
5 Additions
6 Latches

- 17 % 
- 20 %
- 50 %

Reduction
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State-Space Model for the Inverse Matrix

Z Z Z
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Bi-diagonal Matrix
à strong (invisible) structure
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• How do we find a state-space representation for a given matrix T
- How do we determine the values/dimensions of Ak, Bk, Ck, Dk ?

• How can we identify if the matrix T exhibits an exploitable structure?

- When can we get a low-complexity SS model for a matrix ?

• Can we estimate the complexity of SS-Model for a given matrix T ?

• Can we approximate a given matrix T with a matrix T‘ that has a low
complexity state-space model ?

Questions
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Matrix Inversion via State-Space Model

y = Tu u = T�1y
O(n3

) Operations

F
ilterin

g

S
S
R
ea
li
za
ti
on

Matrix Inversion

System Inversion


A B
C D

� 
A�BD�1C BD�1

�D�1C D�1

�

T = D + C (I � ZA)�1 ZB

O(d2n) Operations

n · (d � d)

Maximum number of
Latches per state


