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Program

• Constrained interpolation
• The matrix (Quasi-Separable) setting
• Constrained interpolation in the matrix 

setting
• Computational issues
• Generalizations
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Constrained Interpolation

We concentrate at first on the class of interpolation problems
with a constraint on the norm of the interpolant

• Nevanlinna-Pick
• Hermite-Fejer
• Schur
• Schur-Takagi

and will derive ‘matrix versions’ for them
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Motivation

(1) ‘low complexity’ matrix approximation
(2) solving problems of the type “pre-conditioners for positive definite  “:

(3) ‘Hankel-norm’ model reduction of a time-variant (quasi-separable) system

C = LL′�
<latexit sha1_base64="cAm2Sk7d05nqqLEUfQpIQGWWxEk="></latexit>

arg minX of low complexitykLX � IkF with L,X Cholesky factors
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Classical interpolation problems
uniformly bounded complex functions that
are analytic in the open unit disc D -  with boundary

 and norm 
{z : |z | < 1}

{z : |z | = 1}

Nevanlinna-Pick: Given (single) points  
and Values 

Find necessary and sufficient condition for S(z) s.t.
(1)        
(2)             [norm constraint!]

wi=1:n
si

∀i : S(wi) = si
∥S(z)∥∞ ≤ 1

<latexit sha1_base64="N2ZtAkaXVqaKrk9EuiLm5BL3abM="></latexit>

H1(z)
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Classical interpolation problems

€ 

H∞(T) : uniformily bounded complex functions that
are analytic in the open unit disc D with boundary
T and norm 

€ 

S(z) = sup z <1 S(z) = supθ S(e
iθ )

Nevanlinna-Pick: Given (single) points 
and Values

Find (nsc) S(z) s.t.
(1)
(2)

  

€ 

wi{ }i=1!n

  

€ 

si{ }i=1!n

€ 

∀i : S(wi) = si

€ 

S(z)
∞
≤1
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Schur-Takagi

Same types of interpolation as before, but now allow
singularities in the unit disc in the solution

(1) let S have a minimal number of poles in the open unit disc D
(2) use as norm ‘sup on the boundary circle T’

Motivation: turns out ST solves the ‘Hankel norm
model reduction problem’



Schur-Takagi Interpolation on the unit circle 
of the complex plane
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Let  be a set of (distinct) points in the open unit disc D of the 
complex plane, and  a set of ‘interpolation values’. Find a 
function S(z) that is meromorphic in D such that
1. 
2.  for  (belongs to L∞)
3.  is meromorphic in D with a minimal number of poles.

{ai=1:n}
si

S(ai) = si
|S(z) | ≤ 1 |z | = 1
S



An algebraic solution
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Let

and solve the Lyapunov-Stein equation:

(under the given assumptions there will always be a solution)

Then:
(1) If  is singular we have a ‘singular case’.... skip it!
(2) If  is non-singular, let  be its signature (inertia)
then solutions exist with  poles in D (and of degree less or equal to ).

M
M (n1, n2)

n2 n

<latexit sha1_base64="aos1UEwhTCLglq5ox+i8PgifudQ="></latexit>

A =

2

64
a 0
1

. . .
a 0
n

3

75 , B1 =

2

64
1
...
1

3

75 , B2 =

2

64
s 0
1
...
s 0
n

3

75

<latexit sha1_base64="rfIizrIXR+MZshuXc7uO78bQYoo="></latexit>

AMA 0 +B1B 0
1 �B2B 0

2 = M



How to construct all solutions?
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Construct a J-unitary causal matrix Θ of dimension 2×2 with

as ‘reachability operator’ (always exist), then all solutions
are given by 

<latexit sha1_base64="DQ8GFKhDybAzF5X3lH57eoJzsfc="></latexit>

S = (SL⇥12 �⇥22)�1(⇥11 � SL⇥21)

in which  is in  and contractive, but otherwise arbitrary. SL H∞

<latexit sha1_base64="89mPlJj1rXpakf+uELM5L20TIIg="></latexit>⇥
A B1 B2

⇤



‘Historical’ note

• the problem and first results go back to independent papers 
of Schur and Takagi (1910-20)

• a very extensive analysis in the complex case is due to 
AAK (Adamyan, Arov, Krein)

• many other researchers worked on it, in particular Gohberg, 
Langer, Dym, Glover, Partington etc...

• Bultheel-D started the ‘system theoretic’ view on it
• the theory being algebraic can ‘easily’ be generalized to 

‘just matrices’ and time-varying systems (no complex plane 
anymore)!
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Tangential problems
Now we look for , an m×n matrix function, meromorphic and contractive in
the unit disc, which also interpolates at certain points  in certain directions :

S(z) ∈ Hn×m
∞

ai=1:n ∈ D ξi

How are such constrained interpolation problems
solved? We shall use a ‘modern’ method based
on ‘scattering theory’ that can be generalized to
matrix problems…

It is solved the same way as before,
now with reachability operator

S(ai)ξi = ηi

<latexit sha1_base64="kJrIyuxr5rBCP2vKGSWVCv7l4Tw="></latexit>

⇥
A B1 B2

⇤
=

2

64
a 0
1 ⇠ 0

1 �⌘ 0
1

. . .
...

...
a 0
n ⇠ 0

n �⌘ 0
n

3

75
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Working on (time-variant) matrices?
Motivation for the construction:

with 

is equivalent to 

with

In which  translates to a lower, contractive, Toeplitz operator S(z) S

y(z) = S(z)u(z) S(z) ∈ H∞

<latexit sha1_base64="lPZIslSTXI1Kb655lCKIS+xEZBI="></latexit>

y�1:+1 = Toe[· · · , s�1, s0, s1, · · · ]u�1:+1
<latexit sha1_base64="l7/0IgE5XxMNkN98OKY2Ev6E/Lo="></latexit>

S = Toe[· · · , s�1, s0, s1, · · · ] =

2

6666666664

. . .
. . .

. . . s1 s0

. . . s2 s1 s0

. . . s3 s2 s1 s0

. .
. . . .

. . .
. . .

. . .
. . .

3

7777777775
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More general framework with block 
matrices works as well

input vectors  with dimensions  in  
output vectors  with dimensions  in 

u−∞,+∞ m−∞:+∞ ℓm
2

y−∞:+∞ n−∞:+∞ ℓn
2

dimensions may disappear: finite matrices!

S : ℓm
2 → ℓn

2 : y = Su

<latexit sha1_base64="+2Ot/W8u8veFMX4/sXjOevhpCCw="></latexit>

S =

2

66666666664

. . .

. . . S�1,�1

. . . S0,�1 S0,0

. . . S1,�1 S1,0 S1.1

. .
. . . .

. . .
. . .

. . .

3

77777777775

where, for the causal case:
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upper-lower-diagonal Frobenius spaces

ℓm
2 ℓm

2 ℓm
2ℓm

2ℓm
2 ⋯⋯

𝒰m
2

ℒm
2

𝒟m
2

Total also required to be square integrable!

Global input space:

Also called “Hilbert-Schmidt” spaces

m = mk=−∞:+∞
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Model of computation (linear-lower)

16

Model of computation (linear-
upper)

€ 

x−1

€ 

x0

€ 

x1

€ 

x2

€ 

u−1

€ 

u0

€ 

u1

€ 

y1
€ 

y0

€ 

y−1

€ 

xk+1 yk[ ] = xk uk[ ]
Ak Ck

Bk Dk

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

€ 

uk

€ 

yk
€ 

xk

€ 

xk+1
€ 

Ak

€ 

Ck

€ 

Bk

€ 

Dk

a

b
a+b

state

next state

in out

Quasi-separable realization:
<latexit sha1_base64="xgdVJptjKfY3l3SyqrBttPaZ3lU="></latexit>
xk+1

yk

�
=


Ak Bk

Ck Dk

� 
xk

uk

�

State transformation  with  square invertible:xk = Rk ̂x k Rk
<latexit sha1_base64="JhgoyCAKd9D+bHziMitieqC+huI="></latexit>"

bAk
bBk

bCk Dk

#
=


R�1

k+1AkRk R�1
k+1Bk

CkRk Dk

�

Global representation:
<latexit sha1_base64="ADBUNCiVzYgxjQ4usyTS17WGNwM="></latexit>

A = diagA�1:+1, A = diagA�1:+1, etc.
<latexit sha1_base64="iFAUC6wIZvqj2NUQB6tVmX7i7V8="></latexit>

causal shift: [Zx]k+1 = xk

Transfer operator:
<latexit sha1_base64="biFobaOt4IVYdcwrrm/1ikUCkKU="></latexit>

S = D + C(I � ZA)�1ZB
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Translation rules
Complex plane Matrices

scalars wk, sk block diagonals Wk, Sk

shift z shift Z

shift commutes with scalars shift does’nt commute 
but keeps diagonal form:

<latexit sha1_base64="11Q2sACKq5mGQn70k1u+Rnh+UHM="></latexit>

Dh+1i = ZDZ 0
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Important spaces related to an upper QS 
matrix T = D + C(I − ZA)−1ZB

Global reachability space:

i.e., all strict past input sequences, at all indices, corresponding 
to a state (  square integrable (block) diagonals)𝒟2

Observability space:

all output sequences, at all index points, that can be generated from 
strict past inputs

(Nerode equivalence)

forms a ‘sliced basis’ if the realization is strictly 
‘reachable’ (a basis at each index point)

forms a ‘sliced basis’ if the realization is
strictly ‘observable’

<latexit sha1_base64="pOVDZtwZB2ZuGjXSqK/oalhcIEo="></latexit>

B 0Z 0(I �A 0Z 0)�1D2

<latexit sha1_base64="Kk1nzkgA2uvWmRSVitJwKdJS0PY="></latexit>

C(I � ZA)�1D2

<latexit sha1_base64="pOVDZtwZB2ZuGjXSqK/oalhcIEo="></latexit>

B 0Z 0(I �A 0Z 0)�1D2

<latexit sha1_base64="Kk1nzkgA2uvWmRSVitJwKdJS0PY="></latexit>

C(I � ZA)�1D2
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Matrix interpretation

Di,i

low rank ith ‘Hankel matrix’

column space = reachability sp.
row space = observability space

a minimal factorization of each Hi

corresponds to finding a realization

<latexit sha1_base64="Hc3NjGT4FrtRdPADS4B7SiS0rDE="></latexit>

Hi =

2

6664

Ci

Ci+1Ai

Ci+2Ai+1Ai
...

3

7775
⇥
Bi�1 Ai�1Bi�2 Ai�1Ai�2Bi�3 · · ·

⇤

<latexit sha1_base64="B7JIGB0cP5+WYYZLrpJBbcQMWkI="></latexit>⇤
<latexit sha1_base64="B7JIGB0cP5+WYYZLrpJBbcQMWkI="></latexit>⇤

<latexit sha1_base64="oiYSO+LYL++SaNc9+p3Y23clrr0="></latexit>

Hi
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Point evaluations

Complex plane Matrices

equivalent to

or

S(wi) = si

S(z) = si + (z − wi)Si(z), Si(z) ∈ H∞

(z − wi)−1(S(z) − si) ∈ H∞

S∧(Wi) = Si for Wi and Si diagonals
equivalent to (defined by)

S = Si + S1(Z − Wi), S1 lower and bounded
or, equivalently

(S − Si)(Z − Wi)−1 ∈ ℒ
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Generalized interpolation for matrices

(because of the general formalism, subsumes Nevanlinna-Pick,
Hermite-Fejer and Schur. For Schur-Takagi, see later)

Data (block diagonals): all bounded, with V u.e.s.

Find S such that .
(1)  S is lower, contractive

(2)  

W, ξ, η

(Sξ − η)(Z − W )−1 ∈ ℒ
matching dimensions needed!
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Examples
Tangential Nevanlinna-Pick:

Schur:

<latexit sha1_base64="kwfDcxifaFsNAT/mhlTZJ294vT8="></latexit>

W =

2

6664

W1

W2

. . .
Wn

3

7775
,

⇠ =
⇥
⇠1 ⇠2 · · · ⇠n

⇤

⌘ =
⇥
⌘1 ⌘2 · · · ⌘n

⇤

<latexit sha1_base64="w2PtN+IHyR10C0DrgFF3oYN6Yeo="></latexit>

W :=

2

6664

0 I 0
. . .

. . .
0 I

0 0

3

7775
,

⇠ =
⇥
I 0 · · · 0

⇤

⌘ =
⇥
S[0] S[1] · · · S[n]

⇤
.
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Hermite-Fejer (mix of the preceding!)

<latexit sha1_base64="1M85jcnxb1i72zBHXr9p7KSqq2c="></latexit>

Wk :=

2

6664

Vk I 0

. . .
. . .

V <mk�1>
k I

0 V <mk>
k

3

7775
,
⇠k :=

⇥
[⇠k][0] 0 · · · 0

⇤

⌘k :=
⇥
[⌘k][0] [⌘k][1] · · · [⌘k][mk]

⇤
.

(1)

These may be stacked again for di↵erent k’s and we obtain the full Hermite-Fejer

interpolation problem with

W :=

2

6664

W1

W2

. . .

Wn

3

7775
,
⇠ :=

⇥
⇠1 ⇠2 · · · ⇠n

⇤

⌘ :=
⇥
⌘1 ⌘2 · · · ⌘n

⇤
.

(2)
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Solution methodology:  
 scattering theory

lossless transfer:

passive
scattering
medium

S contractive
lower

lossless medium
passive

load
b2 = SLa2

a

b = Sa

a1

b1

a2

b2

S
<latexit sha1_base64="2C+lRNzOxx2GOYdDge1PmfXJKA4="> </latexit>
a2
b1

�
=


⌃11 ⌃12

⌃21 ⌃22

� 
a1
b2

�

Σ unitary: ΣΣ′� = Σ′ �Σ = I
<latexit sha1_base64="S6W0StHfozXrnaSLBTuk19QgUtk="></latexit>

S = ⌃21 + ⌃22SL(I � ⌃12SL)�1⌃11
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Chain scattering matrices
a1

b1

a2

b2

Θ1 Θ2 Θ3

<latexit sha1_base64="rCOeAV7lENOxJq58KwlWAG70aPo="></latexit>
a2
b2

�
=


⇥11 ⇥12

⇥21 ⇥22

� 
a1
b1

�

<latexit sha1_base64="zA8MsJvHcY8lXZwt/pRjFR1pjKc="></latexit>

⇥ = ⇥3⇥2⇥1
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Central properties of  chain scattering 
matrices

•  is J-unitary for

• (classical case:) transmission zeros = (modes)* i.e. the
frequencies where the input scattering is independent 
of the load, or  (interpolation) provide
the poles 1/wi* of Θ. For the matrix case this translates
to:

reachability space maps to observability space by multiplication with 
• 

Θ

Σ21(wi) = S(wi)

ΘJ

(conservation of energy)

loading formula:

<latexit sha1_base64="Hd+8jK8EKL1uUYZHKk9CElyq7hY="></latexit>

J =


I

�I

�

<latexit sha1_base64="pqW3k8B4OpFAnOesXzTrFUl1cEE="></latexit>

⇥JB 0
⇥Z

0(I �A 0
⇥Z

0)�1D2 = C⇥(I � ZA⇥)�1D2

<latexit sha1_base64="DZ1sISQ6rvOeFbeut7hpOrNsNXI="></latexit>⇥
S �I

⇤
= (⇥22 � SL⇥12)�1

⇥
SL �I

⇤
⇥
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Central interpolation theorem
Let  be the interpolation data and assume that the pair (V, ξ) is strictly reachable, 
then the interpolation problem has (strict) solutions, iff

W, ξ, η

is the reachability pair of a lossless chain scattering matrix Θ,
i.e. iff the Lyapunov-Stein equation

has a strictly positive definite (diagonal) solution  (which is called the Pick matrix)

Furthermore:
All solutions are given by loading Θ with an arbitrary upper contractive SL.

P

<latexit sha1_base64="KOFhz9mE0YlB3IVuQJCc+/Qxf9o="></latexit>⇥
W 0 ⇠ 0 �⌘ 0 ⇤

<latexit sha1_base64="AZgpEZtu3oElt07FX9upknqCIfs="></latexit>

P h�1i = W 0PW + ⇠ 0⇠ � ⌘ 0⌘



1. J-unitary, upper operators have J-unitary realizations and vice
versa. Given a reachability pair                                          :  there should exist a
state transformation  which makes                    

                                                                                   -isometric with block signature +,+,- .         
        This will happen iff the Lyapunov-Stein equation

         has a strictly positive definite solution , which defines  as 
                                                                             (modulo an irrelevant right unitary factor!)

R

J

P R P = RR′�

27

Sketch of proof
Consider the following facts:

<latexit sha1_base64="aOVdPPr4/JU7FzYML8r/XzFz40A="></latexit>⇥
A⇥ B⇥,1 B⇥,2

⇤

<latexit sha1_base64="20sCu8vVQZ87xl6pifoWSUPaO34="></latexit>

P h�1i = A⇥PA 0
⇥ +B⇥,1B 0

⇥,1 �B⇥,2B 0
⇥,2

<latexit sha1_base64="HHbC/GHH22d8pyhOUkJo6ogKZ/A="></latexit>

(Rh�1i)�1
⇥
A⇥R B⇥,1 B⇥,2

⇤



2. The requested interpolation formulates as

I.e. 
 

one recognizes a reachability space:

28

Sketch of proof (2)

<latexit sha1_base64="1U8pTGZMQijutci8mTw6KlIfpAY="></latexit>

(S⇠ � ⌘)(Z �W )�1 2 causal

<latexit sha1_base64="7XXRPGdTd01mLXtXjnEEOoEmkbE="></latexit>⇥
S I

⇤  ⇠
�⌘

�
(Z �W )�1 2 L

<latexit sha1_base64="xlmzYKRuIbjwznB4nLI8GuH0bIU="></latexit>
⇠
�⌘

�
Z 0(I �WZ 0)�1D2
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Sketch of proof (3)
(⇒) S contractive in the above formula requires the basis

to be J-positive. This is: requiring a positive definite solution 
        to the Lyapunov-Stein equation: 
(⇐) if 

with  having reachability data                       

        then interpolation holds!

Θ

<latexit sha1_base64="2wqNFVljSwKM+NU4Ci38uRNXfug="></latexit>
⇠
�⌘

�
Z 0(I �WZ 0)�1

<latexit sha1_base64="AZgpEZtu3oElt07FX9upknqCIfs="></latexit>

P h�1i = W 0PW + ⇠ 0⇠ � ⌘ 0⌘
<latexit sha1_base64="DZ1sISQ6rvOeFbeut7hpOrNsNXI="></latexit>⇥
S �I

⇤
= (⇥22 � SL⇥12)�1

⇥
SL �I

⇤
⇥

<latexit sha1_base64="KOFhz9mE0YlB3IVuQJCc+/Qxf9o="></latexit>⇥
W 0 ⇠ 0 �⌘ 0 ⇤
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Norm approximation (summary)
There is a “Caratheodory-Fejer” version of the previous theory: interpolations of a related 
strictly positive definite matrix  defined by 

(with  a causal part of , and   Cholesky factors).

Any interpolation on data from  via the Cayley transform  
produces a low complexity  and low complexity approximations

                      
such that                                            is given by    where  is a diagonal
tending to  when the interpolation proceeds.   

C

G L, M

G S = (G + I )−1(G − I )
Θa

X = L−1
a d d

I

<latexit sha1_base64="qBEvMgjkynmSJtrtSGqdwyzPZJg="></latexit>

Ca = 1
2 (Ga +G 0

a) = LaL 0
a = M 0

aMa

<latexit sha1_base64="MJPXOwlfKnpn7UdmzAY/s3cNRDY="></latexit>

C = 1
2 (G+G 0) = LL 0 = M 0M (Cholesky)

<latexit sha1_base64="Jm1dOe8/VnBvxBVl+MEA1DWVZFI="></latexit>

arg minXkLX � IkF
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Schur-Takagi interpolation
In this case, the interpolation problem does not lead to a lossless , but only to a 
fully non-singular solution of the Lyapunov-Stein equation and a causal 
J-unitary :

Θ

Θ

This will produce an interpolating and contractive S which is  not ‘upper’, but whose 
lower part is quasi-separable of dimension q (i.e. has a realization of dimension q, 
that is hence  at each index point .) qk k

Let the inertia of : P

<latexit sha1_base64="20sCu8vVQZ87xl6pifoWSUPaO34="></latexit>

P h�1i = A⇥PA 0
⇥ +B⇥,1B 0

⇥,1 �B⇥,2B 0
⇥,2

<latexit sha1_base64="VLcpKsEaRiSX0uLnWKNddPdU3kg="></latexit>

Pk = Rk


Ipk

�Iqk

�
R 0

k
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Application: model order reduction

Given: •   - a strictly upper matrix to be reduced
•   - a “high order” model for  (e.g., a power series)
•   - an invertible diagonal, measure of accuracy

T
T = C(I − ZA)−1ZB T
Γ

Asked:  of lowest possible complexity

such that 

Ta − Ca(I − ZAa)−1ZBa

where the Hankel norm is ‘sup’ of the norms of the matrices ;
it is a ‘strong’ norm.

Hk

∥(T − Ta)Γ−1∥Hankel ≤ I
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Solution

Assume the original given in ‘output normal form’, i.e.             isometric. 

Do the following steps:

(1) find an orthogonal completion of [A  C]:

(2) solve the Pick equation with the data

(3) find  by projecting the causal part out of the Schur-Takagi interpolating operator Ta

<latexit sha1_base64="bOE8s9L8kKOPg4HDmMCwuI3HBnw="></latexit>
A
C

�

<latexit sha1_base64="dWoZKCDqb2+tzTulvp2vHQQeS54="></latexit>
A BU

C DU

�

<latexit sha1_base64="C2tX7F1qf7eZ8mVi9GHDNGa9rCg="></latexit>⇥
AU BU B��1

⇤
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Practical solution: essential Hankels
Although the solution presented is exact, it has its drawbacks:
it is somewhat difficult to compute and requires treatment of all
the data. A practical approach (advocated by Chandrasekaran-Gu
as well as Van Dooren e.a.) consists in computing nested SVD’s:

subtract blue add red

Dk,k,

Hk → Hk+1


